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This  s tudy i s  concemed with s Q m e  s p e c i a l  methods of applying 
t h e  Hamilton-Jacobi t heo ry  of ca l cu lus  of  v a r i a t i o n s  t o  rocke t  t r a -  
j e c t o r y  opt imizat ion.  The b a s i c  t h e m y  i s  p resen ted  i n  Chapter I and 
c o n s l s t s  of necessary cond i t ions  of c a l c u l u s  of v a r i a t i o n s  s t a t e d  for 
t h e  Mayer c o n t r o l  probl e m ,  followed by t h e  devel opmcnt o f  Hamilton- 
J a c o b i  t heo ry  for such problems. The procedure f o r  u t i l i z i n g  t h e  
decomposition of t h e  Hamiltonian i n t o  base  and pe r tu rb ing  Hamiltonians 
i s  explained.  
I n  t h e  second chap te r  a s i m p l e  Mayer c o n t r o l  problem of t h e  
Zerrrielo nav iga t iona l  problem t y p e  is' solved t o  i l l u s t r a t e  t h e  theo ry  
of Chapter I. Two methods of s p l i t t i n g  the Hamiltonian are  compared. 
The main problem i s  t r e a t e d  i n  Chapter I11 and i s  t h a t  of 
minimizing t h e  f u e l  of a low-thrust  r o c k e t  rendezvousing a s a t e l l i t e  
i n  a c i r c u l a r  o r b i t .  The terms i n  t h e  Ilamiltonian i-nvolving t h r u s t  o f  
t h e  r o c k e t  engine a r e  taken a s  t h e  pe r tu rb ing  Hamiltonian. 
t i a l  d i f f e r e n t i a l .  equat ion f o r  t h e  base Hamiltonian i s  solved by a 
The pa r -  
combination of s epa ra t ion  of v a r i a b l e s  and Lagrange's method f o r  
l i n e a r  equat ions.  The procedure f o r  completion of t h e  problem i s  
i n d i c a t e d  b u t  n o t  c a r r i e d  o u t ,  t h e  a n a l y s i s  becoming too conp l i ca t ed  
for a closed form s o l u t i o n .  T r a n s v c r s a l i t y  cond i t ions  a r e  used t o  ob- 
t a i n  enough cond i t ions  to determine t h e  c o n s t a n t s  of i n t e g r a t i o n .  
Some conclusions on t h e  use fu lness  of t h e  method a r e  given i n  a f i n a l  
paragraph. 
1 
Du.rine; r e c e n t  yea r s  much in-terest  has  devel-oped i n  t r a j e c t o r y  
a n a l y s i s  of space flight. Presen t  day sei-ent is ts  working on space proj- 
ec-Ls a r e  faced w i t h  many probl~erm trhrich a r e  ex-Lremely complex i n  nature. 
One of  -the rza jor p r o b l e m  i.s the devel.opment of "optimal c o n t r o l  theory".  
General] y the o$imal coi i t rol  problenis i n  t r a j e c t o r y  a n a l y s i s  a r e  anal@-- 
gous t o  t h e  cl assi.ca1. problems of Bolza and Mayer i n  calculus of v a r i a -  
tions. &tens ions  of the c l a s s i c a l  theory a r e  made t o  inc lude  control 
var3ahles .  
CZASSICAL MRm< PHOBLrn.1 
The c l a s s - i c a l  Mayer probleir~ i n  ca l cu lus  of va r j a t io r i s  i s  t h a t  of  
f j n d i n g  i n  a c loss  of a d d s s i b l e  a rc s  
Yi (f;) Y t o < t < t  L - 
sat:i sfyj ilg d i f f e r e n t i a l  eq i i a t fms  
and end condi.t:io;is 




Here, in t h e  argunents of t h e  func t ions ,  ire use y t o  denote the s e t  
,..., y and 9 t o  denote t h e  set f ,.:.,$n. S i m i l a r  nota-Lions vi11 b e  
y1 n 1 
used f o r  o ther  v a r i a b 1 . e ~ .  Tne super d o t  i n d i c a t e s  d e r i v a t i v e  wi.th re-  
s p e c t  t o  t. 
v a r i  a h l e s  and slumnation by t h e  tensor ana1.ysj.s dev ice  of repeated i n d i c e s .  
Pa r t i a l .  d e r i v a t i v e s  will u s u a l l y  b e  denoted by s u b s c r i p t  
MAYER PROELEM INVOLVING COXi!ROL VARl-Al3LES 
The Mayer problem involving control. v a r i a b l e s  a s  occur i n  t r a -  
j e c t o r y  problems may be exFressed i n  t3e fo l lowing  foyra. 
The problem i s  t o  f i n d  i n  a c l a s s  OP admissible  a r c s  
y i ( t ) ,  ~ ~ ( $ 1 ,  t < t < t , i. = 1 ,..., n, j = 1 ,..., m 
0 -  - 1 
s a t i s f y i n g  d i f f e r e i i t i a l  equat ions 
= f . ( t , y , u )  ii 1 
and end cond i t ions  
one which w i l l  minimize a func t ion  of t h e  Torm 
I n  t h i s  s tudy the arJxissibl.e a-res w i l l .  be t h o s e  a r c s  whose el e- 
merits ( t , y )  l i e  in a given n+]. dir:!ciisio:ial open r eg ion  R anrl i,lhose con- 
The end p o i n t s  (t ,y( t l ) , - to?y(to))  of t h e  admiss ib le  a r c s  l i e  i n  a 2n-1-2 
1 
dj rnens iond  open space S and y, $, u arc continuous functj.ons of t. 
JkJ g a r e  asswncd t o  have continuous pa r t r i a l  
i’ Tne Given func t ions  f 
der ivat ives  :in t h e i r  arguments t o  as  h igh  a s  second order. 
FIRST NECFSSARY CONDDIOIT NULTII’IJ.TER 1IUI;E 
The c l a s s i c a l  first necessary cond i t ion  involving f n c  f i l e r -  
Lagrange equati.ons can be s t a t e d  f o r  tie Mnyer problein with c o n t r o l  
v a r i a b l e s  i n  the follo.ILrine; forlni ( I I ) d c  
THEOREM 1: A normal a&niss-j.ble a r c  E i s  sai.d t o  sai;?.sfy t h e  
mul t ip l - i e r  rule i f  t h e r e  exi.sts a func t ion  
where X ‘ s  are func t ions  of t not  simultanaously zero and con-tjnuous 
aloiig t h e  a r c  E, such that; t h e  equations 
are s a t i s f i e d ,  i f  t h e  end point condi t ions  J 
if t!ie t r a n s v e r s a l l t y  mat r ix  
= 0, k =: 1,. , i,p hold,  and- k 
Ro!naii numera1.s i n  parentheses re:fer to t h e  blibl.fiogi.a::hy a t  t h e  end 3; 
of the thesis. 
Sol.utions of  equat ions (1) a r e  ca.l.led extremal.~, and equat ious 
(1) a r e  c a l l e d  t h e  canonica l  equations of  extreinals. 
Eul.er-Lagrange equat ions f o r  t h e  problem, and the fu.nction €1 i s  analo- 
gous to -the HainCl-tonian of mechanics. 
norinal admissible  a r c s  s e e  Bliss (I, p. 2.13); 
the a r c s  a r e  u s u d l y  normal and - c . r i l l  b e  assumed so  here .  
They a r e  t h e  - I-.-.-- 
For def i n i t i o n  and d i scuss ion  of 
I n  t r a j e c t o r y  problems 
WEIPBSTRRSS CODTDITZON 
The Wziers t rass  condi t ion  f o r  t h e  Mayer c o n t r o l  problem can b e  
s ta ted  a s  YolLovrs: (11) 
THEORTM 2: Along the minimi.z.ing arc E, the j.nequal.ity 
must hold a t  each element (-t,y,h,u) of E f o r  every 
H ( t , y , ~ , u )  i s  a maximm with respect t o  t h e  c o n t r o l  v a r i a b l e s  fo r  a mi.nj.- 
rnj-zlng a r c I  ?or which reason this cond-ition i.s of-ten c a l l e d  the bIaximm 
Princ:i..ple. 
i n  U. Thus 
non-singul-ar: I n  the proofs to b e  considered it w i l l  be  a s s m e d  t h a t  a l l  
a r c s  a r e  non-singular: The equ-ations II 
c o n t r o l  var:iablcs i n  te r im of‘ mu1.t-jpl.ie-t-s and state variables; 




t r o l  v a r i a b l e s  can t h e n  be cliininnted froln the Hamilton3and T h i s  vi11 
6 
H = 0, 
U 3 
of t h e  s e t  of equat ions (1) can b e  solved for 
t h e n  





11 beca7xc of t h e  equivalence of two 
TI1E I~IL3. '0l ! l -JACOBI EQUA9lION 
The I-Iamilton-Jacob3 t h e o r y  invol.ves t h e  f o r m l a t i o n  of t h e  
HarKLton-Sacobi equat ion,  which 3 s a partri.al d:i f f e r e n t i a l  equat ion of 
f irst  order. 
based on the  rcla- t i  on be-trreen t h e  IlnxL'Lton-Jacobi cqm-t:iou anti -the 
AiLer-Lagrange equ..?tioil-s, which i s  cstabl:i.shc!d b y  s e v c r n l  thcorerrln 
The importance of t h e  thsory :in calculus of v a r h t i o n s  i s  
7 
which Yo1 low. 
The r e l a t i  on 
s -I- II(t,y,S ) = 0, 
t fY 
i s  c a l l e d  t h e  J ~ a r n i l . t o r i ~ ~ ~ a ~ o l . , i  equ&t.ao-G. The equat ion has  dependent 
v a r i a b l e  S and ~ 4 - 1  independent v a r i a b l e s  t ,yl,. . . ,yn. The  complete solu- 
t i o n  of (2) will have n+1 a rb j - t r a ry  cojzs’iants. Hoxever, one i s  a d a i t i v e  
and 5.s of no importance here ,  so  w e  shall coiisidei. a sol.ution w i t h  n inde- 
pendent cons t an t s ,  no one of 17h i~h  i s  a d d i t i v e ,  t o  be a c o q f L e t e  s o l u t i o n .  
THEDREX 3 .  Let t h e  Hamil t o n  Jacobi  eqt:.ation (2) have t h e  solu.tion 
S = S(t ,yl J .  * .  ,y ,al,. . . ,a ) depending on III (< n )  parameters 0: , . . . ,a . 
n m 1 m - 
Then each d e r i v a t i v e  S, 
t i o n s  system 
i s  a f j r s t  in - t eg ra l  of t h e  canonical  EWcr equa- 
j 
TIIEOREN 4. Let  S ( t J y l , . .  . ,yn,al ,..., 0: ) be a .compl.ete 5.ntegral. n 
of t h e  I!aini.I.-ton Jacob i  eqv-ation (2), that .  5.s, a s o l u t i o n  dependhe  on 
n-parameters a , . . . ,a and having the  n by n det,e-m.j~nanl; 
1 n 





. ... T T  A - -IL > i Y; i := 1,..,,3. 
I I 
For proof s  o f  theorems 3 and )I see (111, p. 90). 
HfUlILTOI4 JACOB1 PERWKWCIOST TIIEORY 
I n  celestial mechanics t h e  path of a p l a n e t  i s  d i s t u r b e d  by t h e  
presence of  othei- heavenly bodies .  
t o  t h e  nass of t h e  d i s t u r b h g  body, which i s  very small. compared t o  the 
mass o f  t h e  sun. The EIamil.tonian is expressed a s  a sum of two p a r t s .  
The one which corresponds t o  t h e  motion of t h e  planet; without t he  dis- 
turb i ng  j-nfluence i.s cal.l.ed t h e  base HamiltonTan , and. t h e  one c0:rrespoiid- 
ine; t o  t h e  dis tw'oing f a c t o r  i.s call.ed t h e  pe r tu rb ing  Haxi l toxi  an. 
This diaturbi.ng f o r c e  i s  p r o p o r t i o n a l  
The low thrust rocket prob lem i n  t r a j e c t o r y  ai ia lysis  can be 
t r ea t ed  on t h e  basis of' perturbation theory.  
i s  considered a s  the disturbing factor. 
The t h r u s t  o f  ti?e engine 
This h e l p s  t o  avoid t h e  coEi;.l<;x- 
i t y  of the non-l inear  d i f f e r e n t i a l  equatioiis in t h e  sol.v.tion of t h e  proh- 
5 . t  i nvo lves  fever than  n 1 ' s  ( V I I ,  p.  23) .  




s3' = S(t,yl ,..., y ,a1,..* .'ak) -t ) QiYi, n --, 
i=k+l  
where (ak4k.I-l,. . . ,a ) are  independent parameters,  is a complete s o l u t i o n  
n 
of o rde r  n f o r  the base  Hamilton-Jacobi equation. 
From Trieorem 4 it fol lows t h a t  
p e r t u r b i h g  Hamil.tonian, say €1 . ?!Tm H i s  eq res sed  i n  a ' s  and. B ' s  as 
1 1 
v a r i a b l e s .  
On consider ing S t o  be  a g e n s a t i n g  f u n c t l o n  fo r  a canonical 
t r ans fo rma t ion  with a 's  and (3's as nev v a r i a b l e s ,  5 . t  follows t h a t  the 
new Hamiltonian i s  St + H, (111, p .  79). But 
S + H = S  + I 1  - b H  a n d S t + H  = O  
t t o  1) 0 
when S i s  a cox2lete i n t e g r a l  of t h e  IIanil ton-Jacobi equat ion f o r  t h e  
base s o l u t i o n .  Hence t h e  II i s  the f1a;niltonian for  the t o t a l  probleifl 
i n  terms of t h e  v a r i a b l e s  ai, Pi; and the canonical  equat ions f o r  e x t r e -  
nials i z 7  t h e s e  coord ina te s  a r e  
1 
a. = H , 
1 l B i  
Tne s o l t ~ t i  011 OC these eqLla-tions Lives t h e  ex t r e m l s  Tor t h e  prabl  mi s i  i t h  
2n c o n s t a n t s  of i n t e z r a l i m  ( V T I ,  p. 2'7; VID, 9. 137). By t h e  use of t h e  
10 
s e t  OF equations ( I t )  ire can express the trajectory i n  terms 07 y ' s  and 
t .  This theory can be extended t o  splitting the Hamiltonian i n t o  niorc 
than  two p a r t s .  
SOLUTION OF A SIMPLE MAYEl?. CONTROL PROBLEM 
BY WELTOM JACOB1 THEORY 
The r!iain purpose of this chapter i s  t o  i.l.1.u.stra-t.e the solving 
of c a l c u l u s  of v a r i a t i o m  control problems by t h e  u.se of the I1ainiI.ton 
Jacob?. theory devcloped i n  t h e  previous chap te r .  
t r e a t e d  h e r e  i s  to saxe e x t e n t  ana1ogoJ.s t o  t.he r;..ajor probleci of &a:;- 
ter 111. 
].em may be vieired a s  a p a r t i c u l a r  case of Z,zrmel.o's probl.em for navigat- 
i n g  s h i p s .  'The two d-imensional r ec t anzv la r  systern of coord-inates i s  
us ea. 
The simple prablem 
Tr.Jo methods of' developing the solution a r e  gSven. Tk1i.s p-ob- 
STATET~lDT OF PROELE.; 
Cons:i.d.er a body moving on a 1.evel fluid. su r face  ~.~.hlich has  veloc- 
i . ty  co:i;yonen-ts px and gy along the  c a r k s i  an d- i rect ions,  the body havj.ng 
velocity relative t o  the fl.uid of constant  nia&tucie V gefieratcd. by t h e  
t h r u s t  of t h e  engine. 
one gi ven point t o  anot?ier . 
It  i s  required t o  rn5.11j~i y 3 e  the time j n  going from 
The cqu-ations of Ii?otjo!l a r e  
1.1 
12 
between t h e  x-axis and t h e  direction of' the t!li-us-L. 
THE HAbIILTOIJIAIIN 
The Hamil-ton? an foy t h i s  syste:n of  equat i  ons i s  






are m u l t i p l i e r s  and a r e  func t ions  of t ,  no t  sirfiultane- 
By theorem 2 of Chapter I, f o r  f i n a l  t imc t o  be minimum, H must 
be maximum. Hence 
H, = 0 and H, 5 0, 
and i n e q u a l i t y  holds i f  and only i f  the pos-itive s-ign i s  considered 
be fo re  t h e  r ad jca l  i n  t h e  values of si.? Q and cos Q. 
When i s  elin13nated, t h e  €Iaxil.tonian assw:les t h e  foll.oving 
form 
SOi lUTION OF MSE E ~ ~ I L T O E I A N  
Tak:ing H a s  b a s e  Hamiltonian, t h e  Hamilton-Jacobi equntion for 
0 
H i s  
0 
st + v .lis' -E s') = 0.  
X Y  
A method of separation of  v a r i a b l e s  ca:i b e  used. 
Assume that. t h e  s o l u t i o n  of the above equat ion i s  
(VI ,  Chapter XII) 
s = s (t) -E s (x) -E s (y) ,  
1 2 3 
hence dS / d t  + V q ( d S  /b)' -E (dS /dy)") == 0. 
1 2 3 
Let dS /ai( = a and dS /dy = a , where a and a are p a r a n e t r i c  
2 1 3 2 1 2 
c o n s t a n t s .  
t i o n  e x p l i c i t l y .  
This  i s  poss ib l e  s ince  x a:id y a r e  n o t  invalved i n  t h e  equa- 
NOW 
and hence s r= - vt J(a2 4- a2).  
1 1 2 
Therefore 
By J a c o b i ' s  theorein (Theorem 4 ,  Chapter  I )  i;he arbitrary B ' s  and multi- 
Th c r e f o r  e 
(1 ) 
S OLUII'I ON OF P EKCUEB II\K IW, PLTOI i I A N  
Usjng t h e  above s e t  of equat ions,  we c m  e l i m i n a t e  x ,  y, x1 and 
1 and express  H i n  new v a r i a b l e s :  
2 1 
The canonical  equat ions for H a r e  
1 
-E vt (pot" -I- (2p n q )  a a")/($ 4- a+2, i = P p 1  
1 1 2  1 2 1 
3 2  i = qj3 -+ V t  ((2q - p )  CY2 a -+ qoc')/(a2 + a2) / , 
2 1 2 2 2 1 2  
a = -qa . 
2 2 
The last two equat ions of t h e  above se-t give 






a r e  cons t an t s  of' integra-iio;l ,  an3. t h e  f i rs t  ti: ic? equat ions 
which a r e  1 i n e a r  d i f f e r e n t i a l  equn t ions  and have the s o l u t i o n s  
B2= e q t ( l g " F 2 ( t )  d t  + c 4 ). 
By t h e  use of  t h e  equat ions i n  set; (1) and (2) Tie can express  
which a r e  t h e  parametric 
and (2) w e  can evaluate- t h e  m u l t i p l i e r s  i n  terms of % 
equat ions of t h e  t r a j e c t o r y .  Also from (1) 
-Pt 
7 
= c  e 
1 1 
The end p o i n t  va lues  of x and y can be used t o  eva lua te  t h e  con- 
s t a n k  of integratioLi i n  t h e  s o l u t i o n  o f  t h e  problem. If t h e  i n i t i a l  
and f i n a l  points of the t r a j e c t o r y  nnve on socle curves or s u r f a c e s ,  t hen  
t h e  t r ansve r sa l  i t y  cond i t ions  can be used for eva lua t ion  of cons t an t s  of 
i n t e g r a t i o n .  
A PARTICULAR CASE OF THE PROBLESI 
When the v e l o c i t y  o€ t h e  f l u i d  i s  proport ional  to t h e  d i s t a n c e  
from t h e  o r i g i n ,  t h e n  p = q. 
I n  t h i s  c a s e  w e  get  t h e  m u l t i p l i e r s  from equat ions ( 4 )  a s  
-Pt A - = c  e , 
1 1 
-p-b 1 - c e ,  
2 2 
and t h e  equat ions  oi' t h e  t r a j e c t o r y  a r e  deduced from t h e  equat ions 
t o  b e  
( 3 )  
y = c ept - v c / p J ( c 2  +- c : ) .  
4 2 1 
It i s  e a s i l y  v e r i f i e d  t h a t  t h e  above equat ions  s a t i s f y  t h e  Euler-Lagrange 
equat ions  obta ined  from t h e  Hamiltonian i n  i t s  o r i g i n a l  form. 
t h a t  an  optimum t r a j e c t o r y  e x i s t s ,  it i s  gi.ven by t h e s e  equat ions  wi th  
t h e  cons t an t s  determined by t h e  i n i t i a l  and end cond i t ions .  ELimination 
of t g ives  t h e  geometr ical  t r a j e c t o r y  a s  t h e  s t r a i g h t  l i n e  
Assumtng 
fl v ( c  c - c c ) / J ( c 2  + c " ) .  
1 2 2 3  1 4  4 - c3y 
A SECOND bTED.IOD OF SOLUTION 
The second method of solving the 'p rob lcm ( , . h i l a r  to t h a t  used 
+ H where i n  Chapter 11'1) involves  expressing t h e  Hamiltonian H a s  H 
0 1 
Ho = 1 PX + 
1 
Taking H a s  base 
0 
h2qy and H 5: V J(x' -I- A">. 
1 1 2 
Hamil.toni.an, t h e  Hamilton-Jacobi equat ion i s  
I- qy sY = O* St + P X  sx 
Le t  us assume t h a t  t h e  solut i .on of the  above eqcation i s  
s L: s (t)  -1- s (x,y) ,  
1 2 
hence 
Since t i s  no t  involved e x p l i c i t l y ,  we can put  dS / d t  = -a 
t i on  ; hence 
i n  t h e  equa- 
1 l 
I ts  s u b s i d i a r y  equat ions a r e  (VI ,  Chapter X I I )  
Considering t h e  first two terms of' t h e  s u b s i c i a r y  equut ions  and 




where i s  an a r b i t r a r y  cons-ant.  
The l a s t  two terms i n  t h e  subs id i a ry  equat ions g ive  
a 
s - - ---- - 
2 q 
1 
b ,  log y =: 
where b i s  a? a r b i t r a r y  cons t an t .  
mie general  s o l u t i o n  of equati.on ( 3 )  i.s 
where (p i s  an a r b i t r a r y  Eunctjon. 
One such s o l u t i o n  i s  
where a i s  a parametr ic  cons t an t ,  which g i v e s  
2 
4 a X s I--- log y + a ---. 
2 4  YP 
Hence a complete i n t e g r a l  of equation ( 3 )  i s  
SOLUTION OF THE PEIII'UWKLNG MKLT'OTJZAl\T 
The pertu.rbi.ng Hamiltonian 11 can be  expressed i.11 ser ies  by us ing  
1 
t h e  b:inorn:i~al e>:paiision. We consider 0-dy t h e  f irst  two te rns  , assumins 
1 t o  be large r e l a t i v e  t o  1 . IIencc, 
2 1 
where 
The canonica l  equat ions a r e  
The above four  d i f f e r e n t i a l  equat ions determine t h e  optirnum 
t r a j e c t o r y  i n  terms of t h e  new v a r i a b l e s  a i’ Bi and f o u r  cons t an t s  of 
i n t e g r a t i o n ,  which would be  evaluated by use  o€ t h e  end po in t  cond i t ions .  
Tne completion of t h e  problem by t h i s  method i s  much more coniplicated 
than  by t h e  first method, so  we do n o t  c a r r y  the work f u r t h e r  here .  
problem i l l u s t r a t e s  t h a t  t h e  choice  of method of s p l i t t i n g  the Hamil-tonian 
i s  h i p o r t a n t .  
This  
0-ther coiisi.derat:i.ons, such as  t h e  magnitude of the  t h r u s t  
20 
may a l s o  in f luence  t h e  choice  of how t o  s p l i t ;  t h e  Hamiltonian. 
The problem of t h e  next  chapter ,  l-i.ke t h e  one i n  t h i s  chap te r ,  
has  a EImiiltonian c o n s i s t i n g  of r a t i o n a l  t e r m  p lus  a terrr, involv ing  
t h e  square r o o t  of a q u a d r a t i c  i n  X's. The t h r u s t  occurs  only  i n  t h e  
r a d i c a l  p a r t .  Since our  rendezvous problem 3-nvolves 10i.r t h r u s t ,  it 
i s  d e s i r a b l e  t o  choose t h i s  p a r t  as  t h e  pe r tu rb ing  Hamiltonian. Hence 
t h e  procedure w i l l  be  s i m i l a r  t o  t h a t  of t h e  second method i n  t h i s  
chap te r  . 
RNDEZVOUS OF A ROCKET TO'A SATELLITE MOVING IN 
CIRCULAR ORBIT 
A rocke t  moving under t h e  las.7 of g r a v i t y  and t h e  t h r u s t  of t h e  
engine i s  t o  rendezvous wi th  a s a t e l l i t e  moving i n  a c i r c u l a r  o r b i t  
about t h e  e a r t h .  The v a r i a b l e  angle  of t h e  t h r u s t ,  c a l l e d  t h e  c o n t r o l  
v a r i a b l e ,  i s  a func t ion  of t ime.  It i s  d e s i r e d  t o  f i n d  t h e  equ.ations 
of t h e  pa th  of t h e  rocke t  t h a t  w i l l  r e q u i r e  t h e  l e a s t  amount, of f u e l .  
I n v e s t i g a t i o n  of t h i s  problem was svggested by W i l l i a m  E. Miner who 
has  developed ex tens ive  app l i ca t ions  of p e r t u r b a t i o n  theo ry  to rocke t  
t r a j e c t o r y  problems, (V) . 
The method- used he re  i.s t h a t  of Hamilton-Jacobi theory  for per-  
t u r b i n g  p l ane ta ry  motians. The Hamiltonian i s  formul.ated by mul t ip l i . e r s  
and t h e  fi.rst order  d i f f e r e n t i a l  equiatj-ons of motion of t h e  rocke t .  
ASSUhPT IONS 
The fo11osiillg assumptions a r e  made involvirig t h e  phys ica l  condi - 
t i o n s  of t h e  problen.  
The path of the rocke t  i s  a s s w e d  t o  b e  i n  a p lane ,  and hence a 
tt70 dimensional po la r  coord ina te  system i s  used, with  o r i g i n  a s  t h e  ten- 
ter of' t h e  e a r t h .  
The rocke t  i s  considered a s  a p a r t i c l e  or v a r i a b l e  riass. 
A i r  r e s i s t a n c e  i s assunicd t o  be riezligihle. 
21 
22 
Earth i s  assumed t o  be  a pe r fec t  sphere  and not  r o t a t i n g  wi th  
r e s p e c t  to t h e  coord ina te  system. 
Thrus t  magnitude i s  considered p ropor t iona l  t o  t h e  r a t e  of flow 
of mass and i s  assumed to be constant .  
Change i n  t h r u s t  d i r e c t i o n  i s  assumed t o  be ins tan taneous .  
The c i r c u l a r  pa th  of t h e  s a t e l l i t e  i s  coplanar  t o  t h e  path of 
t h e  rocke t .  
NGUT I ONS 
t Ind-ependent t ime v a r i a b l e  
I n i t i a l .  t ime 
F i n a l  t i m e  









l i n e  of t h e  polar  coord ina te s  system used 
Veloc i ty  along the radi.us v e c t o r  
Veloc i ty  a long  the  perpendj~cular  t o  the r a d i u s  vector 
U 
v 
m Mass of t h e  rocket  
C Rate  of flow of mass 
T Constant t h r u s t  magnitude of the engine 
a Variab le  c o n t r o l  angle  made by t h e  t h r u s t  with t h e  
r a d i u s  vec to r  
Lagrange m u l t i p l i e r s  i n  I I ami l ton i  an 
Gravi ta i -  i o  nn I c o n s  til lit- 
Radi.ns of  t h e  ear th  
R2 Radius of t h e  c i r c u l a r  o r b i t  of t h e  s a t e l l i t e  with 
c e n t e r  a t  t h e  o r i g i n  
Uniform a n g u l a r  v e l o c i t y  of t h e  s a t e l l i t e  
Angular p o s i t i o n  o f  the s a t e l l i t e  a t  t ime t 
W 
0 
EQUATIONS OF MOTION 
From f i g u r e  2, the equat ions of motion can b e  expressed as  
(m, Chapter  IV) 
0. 
r - rk2 =-k/r' + (T/n) eosa, 
r e  + 2 G  = (T/ni) s i n a ,  
0. 
The rad.ial and t a n g e n t i a l  v e l o c i t i e s  u and v a r e  given by 
. u = r  
v = r B .  
Hence we can express  t h e  above equat ions oP motion a s  f i rs t  o rde r  d i f f e r -  
e n t i a l  equat ions i n  t h e  fo l lowing  form, 
m = -c .  
GEOMETRY OF TEE PROBLEM 
Posi-tior, of s a t e l l i i e  and 
rocl;et a-L readezvovs 
Fig. 1 
The i n i t i a l .  and f i n a l  end condi t ions of' t h e  t r a j e c t o r y  can be 
expressed i n  t h e  fol lowing form 
J r= u ( t  ) = 0, 
2 0 
J = v ( t  ) = 0, 3 0 
J4 = r(to) - R1 = 0,  
J = O ( t  ) = 0, 5 0 
56 = u(t,) = 0, 
J = v ( t  ) - R2w = 0, 7 f 
J8 = r(t,) - R~ = 0, 
J == O ( t f )  - w t f  - 8 = O 9 0 
Jlo = m(t, )  - m = 0 ,  f 
where R R and m a r e  cons t an t s .  
Minimizing t h e  mass of t h e  rocket a t  t h e  t i m e  t 
1' 2 f 
i s  equivalent  
0 
t o  minimizing the consumption of t h e  fuel. and a l s o  equivalent  t o  t h e  
minimizaiion of t h e  time of t h e  t r a n s i t  o f  t h e  rocket,. 
expressed a s  
Th i s  can be 
J = m(i;  ) .  
0 0 
FIRST TRRT\TSFORMATiON OF THE V A R W L E S  
The first set  of transforined coord ina te s  a r e  obtained from t h e  
Lagrangian L, f o r  t h e  u n i t  mass and the two body problem without  t h r u s t .  
Thus 
L = (1/2)(G2 3- r26*) + k/r 
and we d e f i n e  
2' Hence, u = = ?  and w = r €I= rv. 
The equat ions of motion i n  transformed v a r i a b l e s  a r e  
A = (($/r') - k/ r2)  -t- (T/m) cosa,  
= r (T/m) s i n a ,  
i = W / r 2 ,  
R1 = -c. 
ELIMIINTION OF GOHTROL VARIABLE 
BY WEIFRSTRASS COhCDITION 
The Ilarniltonian for se t  of equat ions 0) i s  
H = h (w2/r3 - k/r' 3- (T/m) cosa )  -t- 1 (r(T/m) s i n a )  4- h u + w/r' - cx5 1 2 3 1 
and A a r e  mul . t?p l ie rs  and a r c  func t jons  of t ,  no t  
l1 A B  5 
where 
27 
s i ~ i u l t a n c o u s l y  zero. 
From t h e  Weierstrass condi t ion f o r  maxirmn H, 
H = O  and IIm 5 0, 
I .  
a 
hence Ha = - 1 (T/m) sina t 1 r (T/m) cosa = 0, 
1 2 
o r  t a n a  = r?, /Al and s i n a  = r h  / + J(L2 -I- r 2 h 2 ) ,  cosa E= 1 / 2 "J(?,' -E r 2 X 2 ) .  
2 2 -  1 2 1 1 2 
A l s o  Hm = - 1 (T/n) cosa - ?, r(T/m) sina - < 0 
1 2 
and t h i s  holds  i f  and on ly  i f  t h e  p o s i t i v e  s i g n  i s  considered be fo re  t h c  
rp? i ce l  i n  t.he values nf sTna and cnsUi 
E1imin:l Li 02 o f  a g ives  
= H  + € I  
0 1' 
where H = 1 (W2/r3 - k/ r2)  -t 1 u + ?, w/r2 - chs and H = (!l?/rrtv&2 -I- r'h;), 
0 1 3 4 1 1 
Consj.dering H as  t h e  base  Hamiltonian, the Hamilton-Jacobi equa- 
0 
t i o n  for H i s  
0 
Let its s o l u t i o n  be 
s := s (t) + s ( 0 )  -t s (m) -t- s ( u , r ) ;  
1 2 3 4 
t hcn  the IIamilton-Jaco5i equat ion asswiies the fom 
28 
dS / d t  -+ (W2/r3  - k/ r2)aS /au 3- u as /ar - (w/r")dS /de - c dS /dm = 0 ,  
1 4 4 2 3 
which does not involve t ,  0 and rn e x p l i c i t l y .  
Hence dS /d t  = a , dS /dO = a , dS /dm = a 
1 1 2 2 3 3' 
a a r e  parametric coilstants. 
1' 3 
where a 
The Hamilton-Jacobi equat ion can now be w r i t t e n  a s  
which i s  i n  t h e  form of Lagrange's l i n e a r  equat ion ( V I ,  Chapter X I I ) ,  
and i t s  subs id i a ry  equat ions a r e  
Considering t h e  f i r s t  subs id i a ry  equat i  oil, w e  have 
u2 - 2k/r -t w2/r2 = -a2 > 
which we w r i t e  a s  
f = - a ,  2 
where -a2 i s  a cons ian t  of i n t e g r a t i o n  wi th  the s ign  chosen so  a s  t o  
g ive  a pe r iod ic  shape t o  t h e  trajectory. 
On subslituting for u from above i n  the last subs id i a ry  equat ion ,  
w e  have 
dr/!(-a2r' 3- 2kr - 17') .- rdS / ( c a  - al)r' - cx w, 
4 3 2 
29 
t h e  ambiguous s i g n  of t he  r a d i c a l  being absorbed i n  t h e  a r b i t r a r y  con- 
O n  i n t e g r a t i n g ,  w e  have 
S - ( ( c a  - a ) ( J ( - a 2 r z  -I- 2kr - w2)/a2 + (k/a3)sin-l(a"r-k)/J(k2-w2a2)) 
4 3 1 
- a sin- '  (kr - w 2 ) / J ( k 2  - w2a2) = b ,  
2 
where b i s  a cons tan t  of i n t e g r a t i o n ;  
If we d e f i n e  
we can srimplify t h e  above equat ion t o  
S - ( ( ( e a  - a )/X)(-ur + (kr/$X)sin-l X/Y) - a sin-'(kr-w2)/Y)= b, 
3. 2 4 3 
or S - g = b. 
4 
The gene ra l  solution of (6) will b e  
where cp i s  an a r b i t r a r y  func t ion .  
It fol lows t h a t  
s = g + a f t a ,  
4 4 6 
where a and a a r e  parametric: cons tan ts ,  i s  a s o l u t i o n  and may be taken  
a s  a complete i n t e g r a l  of equat ion  ( 5 ) .  
4 6 
Hence an i n t e g r a l  of Hamilton Jacob i  equat ion (4) i s  
S = a t + a 8 + a m -i- ( ((ca - a ) /X)  (-ur -i- (kr/JX) s in- '  X/Y) 
1 2 3 3 1 
t h e  a d d i t i v e  cons t an t  0: 
p l e t e  i n t e g r a l  of Hamilton-Jacobi equat ion (11) by Theorem 5 
3. s 
be-ing dropped a s  explained on page '7. The com- 
6 
Chapter I, 
sc s = s + a w .  
5 
(7 1 = t - (1/X) (-ur + (kr/JX) s in- l (X - kr)/Y), 
P2 = 8 - sin- '  (kr - w")/Y, 
B 3 = m + (c/X)(-ur 1- (kr/v!X) sin" '  (X - kr)/Y), 
0 = -X/r", 
4 
Also by J a c o b i ' s  theorem, the  mul~t i .p l ie rs  hl, x2, , , A 
3 4 5  
are t h e  p a r t i a l  d e r i v a t i v e s  of S* with r e s p e c t  t o  u ,  17, r ,  Q J  m, respec-  
t i v e l y .  
s i m p l i f i c a t i o n ,  t o  be a s  fo l lows:  
O n  l e t t i n g  Z denote k2 + B B2, w e  find t h e  r e s u l t s ,  a f t e r  sorne 
4 5  
, I  
- k(2P r"Z + (-u2+kr-B2) (r2B +B2)B )/ur'J(p2r2-p (r2-1) (u2-tB2)Z 
4 4 5 5 5 4 5 5  
+ QI (B Zr2-t.(kr-@2)(B r2+B2)B )/ur3B I, -t 2a @ /r2 -t a , 
5 5  5 4 5  5 2 5  5 4  
can be  computed the same way a s  o t h e r  A ' s J  b u t  w e  do not need it 
3 
f o r  our H . 
1 
From t h e s e  s e t s  of equat ions ('7) and (8) , a s  explained i n  f i r s t  
c h a p t e r ,  we necd t o  so lve  f o r  A , 1 and r i n  terms of B's , a ' s  and t. 
1 2  
We t h e n  s u b s t i t u t e  t h e s e  va lues  i n  the p w t u r L i n g  Iiamiltoniarl fI : ~ ~ ( ~ ~ - l r ' h ~ ) ,  
1 1 2 
t o  ob'iajn an exprcssi-on i n  a ' s ,  P ' S  and t J  say II ( a , ~ , t ) .  Tile canon:ical 
1 
equat ions  f a r  t h j  s 1Iamil.ton.i an €1 a re  
1 
The s o l u t i o n  of t h e s e  equat ions gives  t h e  f ina l .  t r a j e c t o r y  of t h e  rocke t  
i n  terms of a ' s  and B ' s  and t e n  cons tan ts  of in tegra t i .on .  
d i f f i c u l t ,  i f  no t  impossible ,  t o  get  t h e  s o l u t i o n  i.n closed form. We 
conclude our s tudy  of t h e  probl-em without atkerilpting approximation pro- 
cedures  f o r  i t s  completion. 
It would be 
The cons t an t s  of i n t e g r a t i o n  are determined by t h e  i n i t i a l  and 
t h e  f i n a l  end cond i t ions  of t h e  t r a j e c t o r y  and t h e  t r a n s v e r s a l i t y  condi-  
t i o n s  a t  t h e  f i n a l  p o i n t .  By Theorem 1 of Chapter I, t h e  t r a n s v e r s a l i t y  




























































































































This  ma t r ix  has  eleven rows and twelve colvriins and must be o f  rank  t c x i .  
33 
(1; ) =-' 1, 
5 0  
€1(tf) = wh (tf). 
4 
The t e n  i n i t i a l  and f i n a l  end condj.tions and t h e  above two condj-t ions 
a r e  enough t o  determine t h e  t e n  c o n s t a n t s  of  i n t e g r a t i o n  and the i n i t i a l  
and f i n a l  tjmes. 
CONCLUSIONS 
Although t h e  nethod given he re  f o r  o b t a i n i n g  a complete in+,c:gral. 
of the  base IIam-i.l.ton-Jacobi equat ion f o r  t h e  rocket t r a  j e c t o r y  problem 
i s  simple, involving only a ].linear par t l ia l  d i f f e r e n t i a l  equa t ion ,  it 
l e a d s  t o  complicated involvement of u and r i n  equat ions (7)  and 
(8). a s  a 
f u n c t i o n  of ai, Pi, and t .  Also i t  Thrould seem d j f f i c u l t  t o  dev i se  
a computer programning method t h a t  would be  any improvement over o t h e r  
knosin methods. F r t h e r  s tudy of canonical  t ransformation t h e m y  w m l d  
Th i s  makes i t  very d i f f i c u l t  t o  o b t a i n  t h e  Hamiltonian €1 
1 
seen1 des?-rable  i n  an e f f o r t  t o  ob ta in  a coord jna te  system i n  which H 
would b e  si-mpler. 
1 
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